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We consider the qualitative properties of solutions of the following quasilinear parabolic equa-
tion
 (x)ut = r

jrumjp 2rum

; (x; t) 2 RN+  (0;+1) ; (1)
with nonlinear boundary condition
 jrumjp 2 @u
m
@x1
(0; t) = uq; x1 = 0; t > 0; (2)
and initial condition
u (x; 0) = u0 (x) > 0; x 2 RN+ ; (3)
where RN+ =

(x1; x
0) jx0 2 RN 1; x1 > 0
	
;  (x) = (1 + jxj)n, n >  p, m > 1, q > 0, 1 < p <
1 + 1=m and u0(x) is a nontrivial, nonnegative, bounded and suﬃciently smooth function.
Problem (1)–(3) appears in various applications [2]. Such problem describes many physical,
chemical, biological and other processes. For example, equation (1) arises in mathematical
modelling of reaction-diﬀusion process in nonlinear media, fluid flows through porous media,
dynamics of biological populations, polytropic filtration, synergy structures and various other
phenomena [2, 4].
Equation (1) is a parabolic equation with inhomogeneous density [2]. In the case 1 < p <
1 + 1=m it corresponds to the fast diﬀusion equation [2]. Problem (1)–(3) has been intensively
studied by many authors (see [3, 5–14] and references therein) for various values of numerical
parameters. Galaktionov and Levine [13] considered problem (1)–(3) in the case m = 1, n = 0,
N = 1. They have proved that if 2(p  1)=p < q < 2(p  1) then all solutions of problem (1)–(3)
become unbounded in finite time. They also found that solutions of problem (1)–(3) have the
following properties:
 if 0 < q 6 2(p  1)=p then global solution of problem (1)–(3) exists;
 if q > 2(p   1) then problem (1)–(3) admits nontrivial global solutions with small initial
data.
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Here q0 = 2(p  1)=p is the critical global existence exponent and qc = 2(p  1) is the critical
Fujita exponent [3]. Similar results were established for various nonlinear parabolic equations [3,
4, 8, 14, 15].
Some properties of solutions of problem (1)–(3) at (x) = 1, N = 1, m = 1 were studied by
Zejia, Jingxue and Chunpeng [5]. In the case of slow diﬀusion it has been proved that solution
of problem (1)–(3) is global in time when 0 < q 6 (m+ 1)(p  1)=p. Moreover, they also proved
that qc = (m + 1)(p   1) is the critical Fujita exponent. If (m + 1)(p   1)=p < q < qc then all
solutions become unbounded in finite time but if q > qc global solutions exist. In the case of fast
diﬀusion similar results have been obtained [6, 7].
Problem (1)–(3) has been studied in the case of slow diﬀusion (p > 2) at m = 1, n = 0 [14].
The critical global existence exponent q0 = 2(p   1)=p and the critical Fujita exponent qc =
(1 + 1=N)(p  1) were obtained with the use of upper bound and lower bound solutions.
In this paper, we investigate the conditions of global solvability and non-solvability of solutions
of problem (1)–(3) on the basis of self-similar analysis and the method of standard equations [1].
We also study the influence of inhomogeneity of the medium on the process under consideration.
We construct various self-similar solutions of problem (1)–(3) in the case of global solvability
which are the asymptotics of solutions of problem (1)–(3). The methods of choosing an appro-
priate initial approximation for the iterative process are presented. They conserve qualitative
properties of problem (1)–(3). In contrast to [5–7, 9, 11–15], estimates of the solutions, the crit-
ical Fujita exponent and critical global existence exponent are obtained for multidimensional
problem (1)–(3) in the case of inhomogeneous medium. Problem (1)–(3) is considered more fully
in this paper. The asymptotics of solutions for the suﬃciently large values of the argument are
obtained. Numerical calculations show the fast convergence to the exact solution.
The main results of the paper are the following theorems.
Let us introduce the following designations
q0 =
(m(n+ 1) + 1)(p  1)
p+ n
; qc = m(p  1) + p  1
N + n
:
Theorem 1. If 0 6 q 6 q0 then each solution of problem (1)–(3) is global solution.
Proof. Let
u+(x; t) = e
Ltg(); g() = M(K + e )1=m;  = (1 + x1)eJt; xi = 0; i = 2; 3; : : : ; N;
where
L =
(p  1) (p+ n)mMm(p 1) 1K  1+mm
mK (p+ n)  (1 m (p  1)) e 1 ; J =
1 m (p  1)
p+ n
L;
M = e
p 1
m(m(p 1) q)
 
K + e 1
 q
m(m(p 1) q) ; Mm
 
K + e 1

> ku0km1.
It is easy to obtain that
 
@um+@x
p 2 @um+@x

x1=0
=  e(p 1)(Lm+J)t
(gm)0p 2 (gm)0 (1) = Mm(p 1)e(Lm+J)(p 1)te (p 1);
@
@x
 @um+@x
p 2 @um+@x
!
(x; t) = e(Lm(p 1)+Jp)t
(gm)0p 2 (gm)0 () =
= (p  1)Mm(p 1)e(Lm(p 1)+Jp)te (p 1)
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 (x)
@u+
@t
(x; t) = e(L Jn)tn (Lg () + Jg0 ()) =
= e(L Jn)tMn

L
 
K + e 
 1
m   J
m
e 
 
K + e 
 1
m 1

> e(L Jn)tMK 1m

L  Je
 1
mK

:
Let us show that function u+(x; t) is upper bound solution of problem (1)–(3). According to
the comparison principle, the function should satisfy the following inequality:
 (x)
@u+
@t
> @
@x
 @um+@x
p 2 @um+@x
!
; (x; t) 2 RN+  (0; +1) ; (4)
 
@um+@x
p 2 @um+@x (0; t) > uq+ (0; t) ; t > 0: (5)
Taking into account the definition of M , L, K and J , it is not diﬃcult to verify that if
0 6 q 6 q0 then inequalities (4) and (5) are true. Hence, we have u+(x; 0) > u0(x) and
u+(0; 0) > u0(0). Thus, according to the comparison principle, Theorem 1 is proved. 2
Theorem 2. If q > qc then problem (1)–(3) has nontrivial global solutions with small initial
data.
Proof. Let us construct a global self-similar upper bound solution of problem (1)-(3) in the
form
u+ (t; x) = (T + t)
 
f () ; (6)
in the domain Q =

(x; t) : x 2 RN+ ; 0 < t < +1
	
, where  = jj ; i = (1 + xi) (T + t) ;
i = 1; 2; : : : ; N;  =
p  1
q (p+ n)  (p  1) (m (n+ 1) + 1) ;  =
q  m (p  1)
q (p+ n)  (p  1) (m (n+ 1) + 1) .
For function u+(x; t) to be upper bound solution of problem (1)–(3), by the comparison
principle, the function f() should satisfy the following inequalities [3, 6, 7]
1 N
d
d
 
N 1
dfmd
p 2 dfmd
!
+ n+1
df
d
+ nf 6 0; (7)
 (fm)0p 2(fm)0 (1) > fq (1) : (8)
Let us set
f () =

a+ b
p+n
p 1
  p 1
1 m(p 1)
; (9)
where b =
1 m(p  1)
m(p+ n)
1=(p 1), a > 0. Using (9), inequality (7) is transformed into
 

(q  m (p  1)) (N + n)
q (p+ n)  (p  1) (m (n+ 1) + 1)  
p  1
q (p+ n)  (p  1) (m (n+ 1) + 1)

nf 6 0: (10)
It is easy to check that under the conditions of Theorem 2 inequality (10) is always true.
Now we consider condition (8). After substituting function (9) into (8), we obtain the following
expression:
(a+ b)
  p 1
1 m(p 1) > (a+ b) 
q(p 1)
1 m(p 1) : (11)
It is valid when
a+ b 6  
1 m(p 1)
(q 1)(p 1) :
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In conclusion, we note that self-similar solution (6), (9) is the upper bound solution of problem
(1)–(3) and u(x; t) 6 u+(x; t) in Q. By the comparison principle, the solution of problem (1)–(3)
is global solution if the initial data u0(x) is small enough.
Theorem 3. If q > q0 then solution of problem (1)–(3) with appropriately large initial data
becomes unbounded in finite time.
Proof. To prove the nonexistence of global solutions, we represent a self-similar lower bound
solution of problem (1)–(3) in the form
u  (x; t) = (T   t) # () ; (12)
where  = jj, i = (1 + xi) (T   t) , i = 1; 2; : : : ; N and function # () satisfies the equation
1 N
d
d
 
N 1
d#md
p 2 d#md
!
  n+1 d#
d
  n# = 0; (13)
 and  are given above.
Let us show that function u (x; t) defined by (12) is a lower bound solution. Then, according
to the comparison principle, function # () should satisfy the following inequalities
1 N
d
d
 
N 1
d#md
p 2 d#md
!
  n+1 d#
d
  n# > 0; (14)
 (#m)0p 2(#m)0 (1) 6 #q (1) : (15)
Let us set
# () = A

a+ 
p+n
p
  p 1
1 m(p 1)
;
where a and A are positive constants to be determined. Upon substituting # () into (14) and
(15), we obtain the following inequalities
j1


p+n
p
2
+ j2
p+n
p   j3 > 0; (16)
Am(p 1)

m (p  1) (p+ n)
p (1 m (p  1))
p 1
(a+ 1)
p 1
1 m(p 1) 6 Aq(a+ 1) 
q(p 1)
1 m(p 1) ; (17)
where
j1 =
(p+ n)(p  1)
p(1 m(p  1)) ; j2=

(p+ n) (p  1)
p (1 m (p  1))   

m (p+ n) (p  1)
p (1 m (p  1))
p 1
Am(p 1) 1 a;
j3 = a

m (p+ n) (p  1)
p (1 m (p  1))
p 1
Am(p 1) 1,  = N   1 + n(p  1)
p
.
Now we consider conditions for constants A and a. Note that inequality (16) is satisfied only
under the following conditions:
a) if j1 > 0 then (16) implies that q > q0;
b) if j2 > 0 then (16) implies

(p+ n) (p  1)
p (1 m (p  1))   

m (p+ n) (p  1)
p (1 m (p  1))
p 1
Am(p 1) 1 > a;
c) if (16) holds at  ! 1+ then we have j1 + j2 + j3 > 0.
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It follows from (17) that
Aq m(p 1)(a+ 1)
(q 1)(p 1)
m(p 1) 1 >

m(p  1) (p+ n)
p (1 m(p  1))
p 1
: (18)
Thus, there are constants A and a that satisfy inequalities a)-c) and (18). The comparison
principle implies that u(x; t) 6 u(x; t) in RN+  (0; T ). Therefore, solution u(x; t) of problem
(1)–(3) with appropriately large initial data becomes unbounded in finite time. 2
Theorem 4. If q0 < q < qc then any nontrivial solution of problem (1)–(3) becomes unbounded
in finite time.
Proof. The proof of Theorem 4 is based on the function
u1 (x; t) = ( + t)
  N+n
Nm(p 1)+p NH () ;  = jj ;  = (1 + xi) ( + t) 
1
Nm(p 1)+p N ;
where  > 0,
H (&) =

c1 + b1
p+n
p 1
  p 1
1 m(p 1)
+
; b1 =
1 m (p  1)
(p+ n)m

1
m (p  1) (n+ 1) + p  1
 1
p 1
:
It is easy to verify that  2 f > 0 j H () > 0g satisfies the following equation
1 N
d
d
 
N 1
dHmd
p 2 dHmd
!
+
1
S
n+1
dH
d
+
n+ 1
S
nH = 0;
where S = m (p  1) (n+ 1) + p  1:
Then we choose c1 > 0 and t0 > 0 such that
u (x; t0) > u1 (x; t0) ; x 2 RN+ :
Hence, it follows from the comparison principle that
u (x; t) > u1 (x; t) ; (x; t) 2 RN+  (t0; +1) :
We show that there exists t > t0 and a suﬃciently large T that
u1 (x; t) > u  (x; 0) ; x 2 RN+ ; (19)
where u(x; t) is defined above. After some mathematical treatment we obtain that inequality
(19) is true if
( + t)
  N+n
Nm(p 1)+p N  T  p 1q(p+n) (p 1)(m(n+1)+1) ;
( + t)
  1
Nm(p 1)+p N  T  q m(p 1)q(p+n) (p 1)(m(n+1)+1) :
It implies that
(p  1)/(N + n)
q (p+ n)  (p  1) (m (n+ 1) + 1) >
q  m (p  1)
q (p+ n)  (p  1) (m (n+ 1) + 1) ;
at q < qc. Thus we obtain u (x; t) > u1 (x; t) > u  (x; 0). According to the comparison
principle, solution u(x; t) of problem (1)–(3) becomes unbounded in finite time. 2
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Theorem 5. If
(N + n)(m+ 1)  n
(N + n)m+ 1
< p < 1 +
1
m
then solution of problem (1)–(3) has the
following asymptotic behavior
u (x; t) ' C(T + t) 

a+ b
p+n
p 1
  p 1
1 m(p 1)
; (20)
when  ! +1 and C = ( ((N + n) (m (p  1)  1) + p+ n)) 1/[1 m(p 1)]:
The critical case (1 m(p  1) = 0). The case 1 m(p  1) = 0 is called critical because
the behavior of the solution is changed. In this case equation (1) has the following self-similar
solution
u+ (t; x) = (T + t)
 cz () ; (21)
where z() = e d
p+n
p 1 ,  = jj, i = (1 + xi) (T + t) c ; i = 1; 2; : : : ; N , c = p  1
(q   1)(p+ n) ,
c =
1
p+ n
, d =
p  1
m (p+ n)

1
p+ n
1/(p 1)
. Using the comparison principle, we can prove that
u+(x; t) = (T+t)
 cz() is upper bound solution of problem (1)–(3) with suﬃciently small initial
data.
Theorem 6. Solution of problem (1)–(3) has the following asymptotic behavior
u(t; x) ' C1(T + t) cz()
when  ! +1 and C1 is any positive number.
This result shows that problem (1)–(3) has no unique solution when parameters take critical
values.
Theorems 5 and 6 can be proved in the same manner as it was done in [12–14].
Numerical experiments It is known that the choice of suitable initial approximation conserving
nonlinear properties is very important in numerical analysis. For this purpose, we perform
computer experiments on the basis of the obtained qualitative properties of solutions for the
case of global solvability. Equation (1) is approximated with the second order of accuracy with
respect to x and with the first order of accuracy with respect to t. Iterative process is proposed
to obtain the approximate solution. During the inner steps of iteration the node values are
calculated by the Thomas algorithm. It is well known that iteration methods require a good
initial approximation. It allows one to achieve fast convergence to the exact solution and retain
the qualitative properties of nonlinear processes. In what follows we present numerical scheme
for the one-dimensional equation and some results of numerical experiments.
For convenience, we rewrite problem (1)–(3) as follows
 (x)
@u
@t
=
@
@x

P (u)
@u
@x

; (x; t) 2 (0; b] (0; T ) ; (22)
 P (u) @u
@x

x=0
= uq (0; t) ; t > 0; (23)
u (x; 0) = u0 (x) > 0; x 2 [0; b]; (24)
u(t; 0) = 1(t) > 0
u(t; b) = 2(t) > 0
(25)
where P (u) = ul 1
ul 1 @u@x
p 2:
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We approximate problem (22)–(24) by the implicit diﬀerence scheme that has the approxi-
mation error O(h2 + ):8>>>>>>><>>>>>>>:
 (xi)
yj+1i   yji

= 1h2
h
ai+1
 
yj+1
 
yj+1i+1   yj+1i

  ai
 
yj+1
 
yj+1i   yj+1i 1
i
i = 1; 2; :::; Ns   1; j = 0; 1; :::; Ns   1;
y0i = u0 (xi) ; i = 0; 1; :::; Ns;
yj0 = 1 (tj) ; j = 1; 2; :::; Ns;
yjn = 2 (tj) ; j = 1; 2; :::; Ns;
(26)
To ensure that diﬀerence scheme (26) is the second-order scheme the diﬀerence coeﬃcient of
thermal conductivity a(y) should be calculated by one of the following formulae
ai (y) = P

yi 1 + yi
2

; (27)
ai (y) =
P
 
yi 1

+ P (yi)
2
: (28)
We set
@u
@xi

i=0
 y1   y0
h
and
@u
@xi

i=n
 yn 1   yn h at the ends of interval 0 6 x 6 b. The
system of algebraic equations (26) is nonlinear with respect to yj+1. We use fixed-point iteration
to solve the system of nonlinear equations:
 (xi)
s+1
yj+1i   yji

=
1
h2
"
ai+1
 s
yj+1
 s+1
yj+1i+1  
s+1
yj+1i
!
  ai
 s
yj+1
 s+1
yj+1i  
s+1
yj+1i 1
!#
; (29)
where s = 0; 1; 2; : : : . Diﬀerence scheme (29) is linear with respect to
s+1
yi . The approximate
solution from the previous time step is the initial guess for
s+1
yi :
0
yj+1 = yj . The process is
repeated until the condition
max
06i6Ns
s+1yi   syi < "
is satisfied. Let us introduce the following designations yj = y, yj+1 = y. Then, the diﬀerence
equation can be rewritten as
s
Ai
s+1
yi 1 
s
Ci
s+1
yi +
s
Bi
s+1
yi+1 =  
s
Fi; i = 1; 2; :::; Ns   1; (30)
where Ai =

h2
ai(y), Bi =

h2
ai+1(y), Ci = Ai + Bi + (xi), Fi = (xi)y. Coeﬃcients ai(y) are
calculated according to (29):
ai(y) =
1
2
"
(yi)
l 1
(yi)l 1 yi   yi 1h
p 2 + (yi 1)l 1(yi 1)l 1 yi 1   yi 2h
p 2
#
:
The Thomas method is used for the numerical solution of equations (30). Now we present
the results of numerical experiments. Parameters of computational scheme: grid size h = 0:05,
number of nodes Nh = 10000 and convergence tolerance " = 10 3. Process duration t = 4 and
the time step  = 0:04. In all figures dashed lines correspond to the initial approximation at
t = 0 and t = tNs = 4 and continuous lines correspond to numerical solutions.
The initial approximation for iterative process is described by expression (20).
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Fig. 1 shows the numerical solution of problem (1)–(3) at q > qc. In this case the speed of
propagation of the disturbance is infinite. Due to the unbounded filtration coeﬃcient, the speed
of propagation of the disturbance is much larger than in the case of slow diﬀusion (p > 1+1=m)
which is marked by the finite speed of propagation of the disturbance. The process of filtration
exists in the whole region and vanishes at infinity. Fig. 2 shows the numerical solution near the
critical point 1 m(p  1)! 0.
a) b)
Fig. 1. m = 1:5, p = 1:55, q = 2:85, a) n = 0:5, b) n = 1
a) b)
Fig. 2. m = 1:5, p = 1:61, q = 3, a) n =  0:1, b) n = 0:25
The initial approximation for iterative process is described by expression (21).
All figures show that filtration process dependents on the density of medium. Numerical
experiments show fast convergence of iterations to the exact solution. It is due to the choice of
a suitable initial approximation. The number of iterations is not more than 6 for various values
of numerical parameters.
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a) b)
Fig. 3. m = 1:25, p = 1:8, q = 2:85, a) n = 0:5, b) n = 1
a) b)
Fig. 4. m = 1:25, p = 1:8, q = 2:85, a) n =  0:25, b) n = 0:25
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К свойствам решений одной многомерной задачи нелиней-
ной фильтрации с переменной плотностью и нелокальным
граничным условием в случае быстрой диффузии
Зафар Р.Рахмонов
Национальный университет Узбекистана
ул. Университет, 4, 100174
Узбекистан
Найдены условия глобального существования по времени и неразрешимости решения задачи нели-
нейной фильтрации в неоднородной среде на основе метода эталонных уравнений, автомодельного
анализа и метода сравнения решений. Изучено влияние неоднородности среды на эволюцию про-
цесса. Получена критическая экспонента типа Фужита и критическая экспонента глобального
существования по времени решения. В случае глобальной разрешимости получен главный член
асимптотики решений на бесконечности.
Ключевые слова: фильтрация, асимптотика, критическая экспонента, режим с обострением,
неоднородная плотность.
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